Let (C ∞ , ) denote the algebra of infinitely differentiable functions in [0, 1] with Duhamel product
Introduction and background
This paper solves an old problem of the theory of invariant subspaces in a Fréchet space, namely, we prove here unicellularity of the integration operator f → x 0 f (t) dt in the space C ∞ [0, 1] .
Recall that a linear operator A acting on a topological vector space X is unicellular, if its set of invariant subspaces, Lat A, is linearly ordered set with respect to inclusion.
Let C ∞ = C ∞ [0, 1] be the Fréchet space of all infinitely differentiable functions in [0, 1]. The topology in C ∞ is given by the collection of the seminorms {P n } n 0 , P n (f ) = max 0 k n max x∈ [0, 1] f (k) (x) , f ∈ C ∞ .
Let I, (If )(x) =
x 0 f (t) dt, be the integration operator in C ∞ . In 1966 Mikusinski [1] proved unicellularity of I in the subspace
But the problem of whether an integration operator is unicellular in the space C ∞ remained open. (For more detailed information on the history of the unicellularity problem of the integration operator see [2] .) In the present paper we extend Mikusinski's result to the space C ∞ , and so completely solve the last problem. Our proof is based on the Duhamel product (see, for instance, [3] ), which is derivative of the Mikusinski convolution product:
For f, g ∈ C ∞ , f g as defined by (1) also belongs to C ∞ , and with this multiplication C ∞ becomes an algebra. Let (C ∞ , ) denote an algebra of infinitely differentiable functions in [0, 1] with Duhamel product as multiplication. It can be easily shown, using the operational calculus [4, 5] , that (C ∞ , ) is commutative and associative (it is actually clear from (1) that the constant function f (x) ≡ 1 is the identity for (C ∞ , ), and a simple change of variable shows commutativity). It is clear from (1) that
and therefore, the problem of the description of all the closed ideals of the algebra (C ∞ , ) is equivalent to the description of the invariant subspaces of the operator I in C ∞ . Thus, in Section 2 we shall describe all the closed ideals in (C ∞ , ).
Closed -ideals in C ∞
Let us denote
It can be shown, using (1) , that these subspaces are each closed -ideals (i.e., I-invariant subspaces) in C ∞ and that
Now in order to prove that an operator I is unicellular in C ∞ , we shall prove that there are no other closed -ideals in C ∞ . The following is our main result.
We divide the proof of theorem into the following lemmas.
Lemma 2.2. Let f ∈ (C ∞ , ). Then f is -invertible, if and only if
Proof. The method of the proof is similar to a part of the proof in [3] . For the sake of completeness, we provide the details. If f is -invertible, there exists g ∈ C ∞ such that f g = 1, and therefore,
denote the -product of h with itself n times for n 0, where
We prove by induction that
for all x ∈ [0, 1]. Indeed, assuming that the inequalities (3) and (4) hold for m = n, we have
Consequently, the series
. In order to show that g ∈ C ∞ , we have to prove that for any fixed k the series
Now using (4)-(6) we have
Thus the series
is majorized by the series
where a n (1) and integration by parts n + 1 times we obtain g f (n+1) = g (n+1) f , and hence,
, and let g ∈ C (n) 0 be any element. Then by Corollary 2.3 there exists h ∈ C ∞ such that g = h f , and hence, C 
is obvious. We now prove the inverse inclusion. Really, we have, using Lemma 2.5, that the set of convolutions g * h with h ∈ C ∞ 0 is dense in C ∞ 0 . Then we have
Proof of Theorem 2.1. Now from the lemmas, proved above, follows the proof of the theorem. Really, as mentioned above (see (2) ) the ideals C λ , C (n) 0 (0 < λ < 1; n = 0, 1, . . .) constitute an ordered set (let us denote this set by L). It is obvious that the set L is closed in the sense that the closure of union of any parts of L also belongs to L. Now, let E be any closed nontrivial -ideal in C ∞ (i.e., {0} = E = C ∞ ). Then, by Lemma 2.2, E has not any element f with f (0) = 0, and therefore, E ⊂ C (0) 0 . For any g ∈ E, g C ∞ ⊂ E, and hence, g∈E g C ∞ ⊂ E, and clearly, g∈E g C ∞ ⊂ E. On the other hand, g = g 1 ∈ g C ∞ , and therefore, g ∈ g C ∞ . Since g ∈ E is arbitrary, from this we have that E ⊂ g∈E g C ∞ . Consequently, E = g∈E g C ∞ . From this, using result of Mikusinski [1] , Lemmas 2.4, 2.6 and above made remarks about closedness of L, we deduce that E ∈ L, which completes the proof of theorem. 2
